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Abstract 

It is discussed how stochastic evolutions may be connected to SU (2) Wess-Zumino-Witten 
models. Transformations of primary fields are generated by the Virasoro group and 
an affine extension of the Lie group SU{2). The transformations may be treated and 
linked separately to stochastic evolutions. A combination allows one to associate a set of 
stochastic evolutions to the affine Sugawara construction. The singular-vector decoupling 
generating the Knizhnik-Zamolodchikov equations may thus be related to stochastic evo- 
lutions. The latter are based on an infinite-dimensional Brownian motion. 

Keywords: Conformal field theory, stochastic evolutions, Wess-Zumino-Witten models, 
Knizhnik-Zamolodchikov equations. 



1 Introduction 



There is a tradition in the physics community for describing a broad class of two- 
dimensional critical systems in terms of conformal field theory (CFT). Schramm has 
introduced the celebrated stochastic Lowner evolutions (SLEs) P as a mathematical rig- 
orous way of handling some of these two-dimensional systems at criticality. The method 
involves the study of stochastic evolutions of conformal maps, and has been developed 
further in [21 El- Recent reviews on SLE may be found in Applications as well 

as formal properties and generalizations of SLE are currently being investigated from 
various points of view. 

An intriguing link to CFT has been examined by Bauer and Bernard jHj (see also 
[7j) in which the SLE differential equation is associated to a particular random walk 
on the Virasoro group. The relationship can be made more direct by establishing a 
connection between the representation theory of CFT and entities conserved in mean 
under the stochastic process. This is based on the existence of level-two singular vectors 
in highest-weight modules of the Virasoro algebra. 

The approach of Bauer and Bernard has been extended from ordinary CFT and 
SLE to = 1 super conformal field theory and stochastic evolutions in A = 1 superspace 
jHlini, to logarithmic CFT (TUIIII], and to CFT and SLE- type growth processes in smaller 
regions of the complex plane than ordinary chordal SLE jT2]. The present work offers 
an extension from ordinary CFT to Wess-Zumino-Witten (WZW) models where the 
conformal symmetry is supplemented by a Lie group symmetry. We are thus led to 
consider stochastic evolutions of affine Lie group transformations. Most of our results 
pertain to SU{2) WZW models, and we refer to fl^] for a survey on CFT. 

The present elevation to WZW models is discussed in the realm of generating-function 
primary fields, see [T^ IT^ IT^ I17j . They serve as a convenient way of handling the mul- 
tiplet of Virasoro primary fields comprising the su{2) representation space of a given 
conformal weight, as discussed below. Transformations of the multiplet of Virasoro pri- 
mary fields are replaced by transformations of the generating-function primary field. As 
in ordinary CFT, these transformations may be described in terms of group elements, 
here elements of the Virasoro group and an affine extension of the Lie group SU{2). 
Alternatively, they may be described by utilizing that primary fields have tensor-like 
transformation properties, again as in ordinary CFT. This allows one to link stochastic 
evolutions of the two kinds of group elements to stochastic evolutions of conformal and 
affine transformations, respectively. These links may be established separately. By com- 
bining them, one may relate the affine Sugawara construction of Virasoro modes (see [TH] 
and references therein) to entities conserved in mean under the combined stochastic pro- 
cess. This process is somewhat formal, though, as it is based on an infinite-dimensional 
Brownian motion. As the Knizhnik-Zamolodchikov (KZ) equations are generated by one 
of the conditions appearing in the affine Sugawara construction, they too may be linked 
to stochastic evolutions. 

A brief review of certain aspects of SU{2) WZW models and generating-function 
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primary fields is given in Section 2. The general link between SU{2) WZW models 
and stochastic evolutions is discussed in Section 3, while Section 4 concerns the special 
case corresponding to the affine Sugawara construction and the KZ equations. Section 5 
contains some concluding remarks. 



2 On SU{2) WZW models 



We shall discuss WZW models from an algebraic point of view, and are therefore not 
concerned with their Lagrangian formulation. The conformal symmetry is generated by 
the Virasoro modes satisfying the algebra 

[L„, Lm] = (n - m)Ln+m + -^^{^^ - l)^n+m,0 (l) 

Transformations generated by the affine su{2)k Lie algebra are here referred to as affine 
transformations. The algebra, including the commutators with the Virasoro modes, reads 

k 

[-^n)«-^a,m] '^Ja,n+m (2) 

The level of this affine algebra is indicated by k, and we shall assume that it is a non- 
negative integer. The non- vanishing entries of the Cartan-Killing form of su{2) are given 
by ^ 

Koo = -, = = 1 (3) 

and appear as coefficients to the central terms in Its inverse is given by 
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2, K+- = K-+ = 1 (4) 



and comes into play when discussing the affine Sugawara construction below. 

Virasoro primary fields are defined by their simple transformation properties with 
respect to the Virasoro algebra: 

[L„, (^(2)] = {z^+'d, + A(n + l)z") (Piz) (5) 

Here A denotes the conformal weight of (p. The Virasoro primary fields of a given con- 
formal weight A may be organized in multiplets corresponding to spin-j representations 
of the su{2) algebra generated by {Jafi}, where 

A = 4^ (6) 

k + 2 ^ ^ 
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We shall label the members of such a multiple! as in 

(j)j,-j{z), (pjj-iiz), (j)jj{z) (7) 

The field (pj^m has Jo,o eigenvalue m, while a convenient choice of relative normalizations 
of the fields is indicated by 

,m+l (^) 

[Jo,0,<Pj,m{z)] = m(f)j^rn{z) 

[J-flAj,miz)] = {j - m+ l)(j)j^rn-liz) (8) 

A generating function for these Virasoro primary fields may be written 

(p{z, X) = J2 X'^(t)i,j-n{z) (9) 
n=0 

Since this field merely is a linear combination of Virasoro primary fields of the same 
conformal weight, it too transforms as in (j^. That is, the transformation generated by 
the Virasoro group element G simply reads 

G- V(^, x)G = {dj{z)f<f>{f{z),x) (10) 

for some conformal map /. 

The action of the affine generators on the generating-f unction primary field reads 

[Ja,n, (j){z, X)] = z''Da{x)cf){z, x) (11) 

where the differential operators are defined by 

D+{x) = -x'^d^ + 2jx, Do{x) = -xd^ + j, D^{x) = (12) 

The set {—Da} generates the Lie algebra su{2). To derive the transformations generated 
by affine SU{2) group elements, we first note that 

e-^5e^ = e-^-^^S (13) 

where ad^B = [A, B]. Using this, one finds that 

e-«J+,n0(^^2,)g«J+,„ _ {l-uz^xf^cPiz, ^ 



uz^x 



e-'''^--"(/)(z,x)e"'^-'" = (t){z,x-uz'') (14) 
It follows that a general affine SU (2) group element U generates the transformation 

/7- V(^, x)U = {d^z, x))-V(^, y{z, x)) (15) 



where y{z, x) is a Mobius transformation of x with 2;-dependent coefficients: 



^) = ''ITIm'I «^^)^^^) - ^Wc(^) 7^ (16) 
c[z)x + a[z) 

We shall also be interested in combinations of transformations generated by Virasoro 
and affine SU (2) group elements. In particular, a tranformation generated by one type 
of group element followed by a transformation generated by a group element of the other 
type results in 

G-'U-'(l>iz,x)UG = (a,/(z))^(9.y(z,x))-X/(z),?/(z,x)) (17) 

or 

U-'G-'ct^iz, x)GU = {dJ{z))^{dMf{^).^)r<t>{f{z)Mf{^).^)) (18) 

The affine Sugawara construction of the Virasoro modes in terms of the affine gener- 
ators is given by 



,N-nJb,n (19) 

\ / \n<— 1 ra>0 



Here and in the following we shall use the convention of summing over appropriately 
repeated group indices, a = ±,0. Acting on a highest-weight state, the affine Sugawara 
construction gives rise to singular vectors of the combined algebra. The decoupling 
of these is trivial for > while for = it merely reproduces the relation (jHl). 
The condition corresponding to = — 1 leads to the celebrated KZ equations used in 
discussions of correlation functions. 



3 SU{2) WZW models and stochastic evolutions 

By considering the Ito differential of both sides of ()10j) where G and f{z) now are con- 
sidered as stochastic processes, Gt and ft{,z), one may relate stochastic differentials of 
Virasoro group elements to stochastic evolutions of conformal maps. We shall allow 
higher- dimensional Brownian motion satisfying 

dB'^dB''^ = S'^'dt, dB^dt = dtdt = (20) 

and Bq = 0. We then have 

GT'dGt = at{L)dt + Y./3,4L)dB^, Go = 1 (21) 

where at and P^^t are expressions in the Virasoro modes. Similarly, the stochastic evolu- 
tion of the associated conformal maps may be written 

dftiz) = fo,t{z)dt + UA^)dBj^, fo{z) = z (22) 
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Techniques for computing and comparing the Ito differentials of both sides of ^TU^ are 
described in |H1 El CI] . With 

aoAL) = at{L)-]-Y.^''"ML)PuAL) = E (23) 

one finds 

This provides a general link expressing the stochastic evolution of conformal maps in 
terms of the stochastic Virasoro differentials. 

A similar description of stochastic evolutions of the Mobius transformations (fT?)|) in 
terms of affine SU{2) differentials follows from an evaluation of the Ito differential of 
both sides of (fT^ . For later convenience, we shall base the analysis on a potentially non- 
diagonal higher-dimensional Brownian motion with Wf an invertible linear combination 
of Brownian motions, satisfying 

dWfdWt^ = ydt, dWfdt = dtdt = (25) 

and Wq = 0. Here A is a symmetric and invertible matrix. Using the same approach as 
above, we write 

U,-'dUt = pt{J)dt + E qpAJ)dWf, Uo = 1 (26) 

p 

and 

dyt{z, x) = yoA^^ + E VpA^^ x)dWf, yo{z, x) = x (27) 

p 

The analogue to (j2SI) reads 

Qp,t{J) = E jp,n,tJa,n 

POAJ) = Pt{J)-\ll^''"<lpAJMUJ) = E 30,n,tJa,n (28) 

and a goal is to express yoAz,x) and ypAz,x) in terms of io,n,t5 jp,n,t yt{z,x). We 
thereby find the following general link 

VpA^^^) = E ((yi(2:,x))2i+„^j + ?/f(z,x)i°„^j - 



x(2?/i(z,x)j+^,,+jJ^J (29) 

It turns out that the hnks and are unaltered if one considers the Ito differ- 
ential of both sides of (|17|) based on a combination of the two group actions. This is a 
priori not obvious since one in that case should allow that some of the Brownian motions 
-Bf, appearing in (PT|) and (j^ . and Wt , appearing in and ^Tj\. may be related. 
One would thus have to supplement ()20|) and ()25|) by 

dB^dWf = X'^Pdt (30) 

where A could be non- vanishing. As already indicated, however, all terms proportional to 
A cancel and one is left with the separate Virasoro and affine SU{2) links. The rationale 
for making this consistency check is that we shall use the product UG in our discussion 
of the affine Sugawara construction in the following. 

4 Affine Sugawara construction 

Our next objective is to relate a set of stochastic evolutions to the affine Sugawara con- 
ditions (jl9|) . To this end, we consider a general stochastic process Ft with Ito differential 

dFt = Utdt + Y.vi4B\ (31) 
I 

where i?Q = 0. For sufficiently well-behaved functions Ut and vi^ti the time evolution of 
the expectation value of Ft is given by 

dtE[Ft] = E[ut] (32) 

and is seen to vanish provided E[ut\ vanishes. A goal is thus to find processes Ft whose 
associated -Ut's correspond to the affine Sugawara conditions. This illustrates a 
general scenario in which the representation theory or structure of the CFT (here the 
SU (2) WZW model) allows one to put an entity equal to zero (here represented by (fTUIl 
and Mi), thereby producing a martingale (here the stochastic process Ft) of the system. 

Since the affine Sugawara conditions involve both Virasoro and affine su{2) generators, 
we ought to look for combinations of Virasoro and affine SU{2) group elements. We 
therefore consider 

{UtGtr'd{UtGt) = Gt\U^^dUt)Gt + Gt^dGt + Gt\Ut^dUt)Gt{Gt^dGt) 
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+ (^ML)^ dB^ + {^Gi\,,{J)G}i dWf (33) 



and 

{GtUt)-'d{GtUt) = Ui\Gi'dGt)Ut + U,-'dUt + U,-\G^'dGt)Ut{U^'dUt) 
= (ur'atiL)Ut + MJ) + E X'^'Ur'P^ALWtqpAJ)] dt 



+ (E U^'P,AL)U^ dB^ + (^E <1pAJ)^ dWf (34) 

It is noted that the inter-relating matrix A (jHUj) appears in these expressions. Since the 
affine Sugawara conditions are hnear in the Virasoro modes and bihnear in the affine su{2) 
modes, we shall work with the differential and not ()34|1 . The linearity in the Virasoro 
modes also suggests that we should consider P^^L) = and at{L) = ao^L) = L^, in 
which case 

Gt = e'^'', G-^dGt = LNdt (35) 

and 

dtEptGt] = E[UtGt{LN + G;'pt{J)Gt)] (36) 
We should thus require that Pq^J) = and 

Y.X'^'qpAJM'J) = T—7^\ E 'Ja,nJb,N-n + J2 'Ja 
p,cr K + Z \n<-l n>0 

f^ab I 

= Sn,0 I , r) JaflJbfl + 2 E Ja-nJb,r. 
^ + ^ \ n>l 
l^ab 

+ (1 — ^Nfi) 7 , r, E ^n+m,NJa,nJb,m (37) 

The summation indices p and a are then naturally considered as double indices: p = {a, n) 
where a is a group index taking the values a = 0, ±, and n is an integer. That is, 

Y.^'''<1pAJ)^<^M= E A^-'-^^^''") ?(,,„),( J)g(,,^),( J) (38) 



and the condition (jHTj) for 7^ is satisfied if 



Xia,n)ib,m) ^ ^,ab^^^^^^^ g(a,n),t(J) = -7^Ja,n (39) 

y/k + 2 
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The = condition is not covered by this analysis due to the divergencies appearing 
in the affine Sugawara construction when the normal ordering of the affine modes (as 
in (fTI?|) and (jHTj) ) is omitted. Since the Ito calculus is based on a symmetric 'two-form' 
in (j25j) . X^"^ = X^^, we are confined to ordinary products and thus seem deprived of the 
power of normal ordering required in the = condition. 

The stochastic differential equation of the affine SU (2) group element accompanying 
dnni) for 7^ is now seen to be 

^t~'dUt = Ja,N-nJb,ndt + -j=== Ja,ndW}'''''\ Uo = 1 (40) 

This is a somewhat formal expression as it involves an infinite-dimensional Brownian 
motion. It is emphasized that there is a pair (Gj, Ut) for each of the affine Sugawara 
conditions ()19p with N ^ 0. An explicit indication of which condition such a pair refers 
to has nevertheless been omitted for notational reasons. 

The conformal maps ft{z) associated to the Virasoro group elements Gt given in 
evolve deterministically as we have 

^^J.,n,t = 0, /o,n,t = Sn,N (41) 

and subsequently from 

dftiz) = -iMz)f^'dt, Uz) = z (42) 

This is solved by 

/.(--) = (mvs^- 

or 

Mz) = ze-\ AT = (44) 

and can be verified directly using (0), (fTUI) and (fTSjl . 

To determine the stochastic differentials of the Mobius transformations yt{z, x) asso- 
ciated to pn|l . we rely on the link piljl . We have 

j\a,n),m,t = ^ ^ nm,^\, jo,n,t = (45) 

and it follows from ()29|1 that 

y(a,n),t = y^^" {y'^a + V^a " ^a") , Vo, = (46) 

and hence 

dy,iz, x) = ^=L= Y: (y'rfW^^'"^ + - rfl^/-")) , yo{z, x) = x (47) 
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Note that the dependence on N is given imphcitly via dwj;"'''^^ dwj;'^'"^^ = K,°-''6n+m,Ndt, cf. 

(El. 

In order to express dyt{z, x) in terms of ordinary, though infinitely many, 'orthonormal' 
Brownian motions instead of {VF^"'")}, we perform some hnear transformations. First we 
introduce the hnear combinations 

where we have introduced an infinite set of Brownian motions labeled as b[^'^\ They 
satisfy the orthonormality conditions 



dSf'^'^dBf''''^ = Su>6nn'dt, i, i' e{l, 2, 3}, n,n' (49) 



and = 0. With our standard convention for the group index, a = ±, 0, we then 

have 



{a,n>N/2) _ J_ /^(a,n) ^^(^a,N-n) 
/O V * 



V2 

^ia,n=N/2) ^ ^(a,N/2) ^ for iV eVCU 

^(a,n<N/2) ^ Zl (^C^'") + ^5^^^"")) (50) 
V / 

These processes are seen to respect dwl;"'''^'^ dWt'''^^ = X("-^'^)(^''^) dt with A given in 

It is now straightforward to express dyt{z,x) given in ^7\i in terms of the orthonormal 

Brownian differentials dBf'^\ and we find 

dyt{z,x) = i^'' + ^'''"){iy'-^)dBl'^''^ + z{y' + l)dBl''-^ + 2ydBl'^-^) 

l\/k. + Z n<N/2 

2J2(A; + 2) ^ 



yo(2,a^) = X (51) 

where the last term proportional to 2^/^ vanishes for odd. It is recalled that 7^ in 
this expression. The condition underlying the KZ equations is easily obtained by setting 
A^= -1. 
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5 Conclusion 



We have discussed how SU (2) WZW models may be hnked to stochastic evolutions. The 
conformal symmetry is thereby related to stochastic evolutions of conformal maps whereas 
the affine SU{2) invariance is linked to stochastic evolutions of affine transformations. 
This extends work done in [HI El El HI QHl E] on connections between CFT and SLE, 
and generalizations thereof. An objective of the present work was to develop a set of 
stochastic differential equations corresponding to the affine Sugawara construction of the 
Virasoro generators in terms of the affine generators. This has been achieved for all 
Virasoro modes but Lq, in which case our approach seems to be incapable of reproducing 
the required normal ordering of the affine modes. Since the L_i mode is covered, we have 
thus obtained a stochastic differential equation describing the condition underlying the 
KZ equations. The associated stochastic process is somewhat formal, as it is based on 
an infinite-dimensional Brownian motion. We nevertheless hope that our analysis may 
prove itself useful. 
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